ABSTRACT. Three Bernstien-Durrmeyer-type operators are introduced in this paper. These operators are based on the linear positive operators defined by A. Meir and A. Sharma that generalize the Bernstein and Szasz operators. Some approximation properties of the operators are investigated. In each case, we obtain a Voronovskaja-type theorem.
Introduction
Thirty years ago A. Meir and A. Sharma [8] Our objective is to define two Durrmeyer-type operators based on the operators B^a and S*. We denote our operators by M 9 1 A ' Q:) and 5^, respectively. The precise definition of MA A,Q:) is given in Section 2. The operator P 7 l A,a) is the subject of Section 3. In Section 4, we treat the operator 5*. In each case, we obtain a Voronovskaja-type theorem.
The Bernstein-Durrmeyer operator was introduced by Durrmeyer [5] in 1967 as a certain modification of the Bernstein operator. Some approximation properties of this operator were investigated by Derriennic [4] . This operator has some very nice properties, and the strong converse inequality of this operator was discussed in [1] . Similar modifications of Szasz operators were introduced and studied by Mazhar and Totik [7] . In [3] , Chui, He, and Hsu examined the asymptotic properties of certain positive summation-integral operators. The operator Mn (f;x) can be considered as a special case of the summation-integral operators in [3] . 
The operator
"^» ((;l) = I _MLif)^w + i^£, (2 . 5)
The proof depends on ( To obtain a result stronger than Theorem 1, we need to calculate
The following lemma is useful in the computation and is easy to prove.
From (2. 4 ;x) after some cumbersome calculations. We thus obtain
where A njJ -(a;) are cubic polynomials in x and of degree 3 -j in n. Similarly, we can obtain
(2.10) (n + 2)(n + 3)(n + 4)(ri From these, we can obtain
We shall prove
ly/iere Ci, C2 are constants independent of n and f and
For A = 0, this gives Voronovskaja's Theorem for the Durrmeyer operator.
Proof. Applying the operator MA to both sides of Taylor's expansions of f(t) -f(x) yields
where
From (2.5) and (2.6) in Lemma 2, we have upon simplifying
It remains to estimate |/ n (/;:r)|. From (2.14), we have
Using the Schwarz inequality first on the integral and then on the sum and using (2.12a), we obtain
This completes the proof. 
The operator Pn
We now define the operator Pn which maps polynomials of degree m into polynomials of degree m + 1 except when m = 0. For any / G C[0, oo), we set This shows that
n n n From now on, we shall take a = n and write Pn as P*. Again, we can evaluate Pn(t 2 ;x) in a similar way. Indeed, we obtain P*(t 2 ;x) = ^{(n + ^x -\x(l + x)} 2 + 4{2 + x(x + 4)(n + 1) -2A^(a: + l)(a: + 2)}. This shows that P^(t 2 ;x) -> x 2 as n -> oo. By Korovkin's theorem, it follows that if / G C[0, oo), then P x (f;x) converges uniformly to f(x) on any compact subset of [0,oo).
It is easy to see that P* is a contraction operator. We now shall prove the following Voronovskaja-type result for the operator P*. It is easy to see that S* is a positive linear operator. We prove below some properties of S^. Since Sfax) = n£r=o««*(*)^ = ^ + ^Er=o*<fc(^).
Lemma 4. The following relations hold for §"(/] x):
we obtain the secoild formula in ( Since the right side is bounded for fixed x, but is not so when x G [0, oo), it follows that £*(/;£) ^Loo^oo). where C(X, j3) is the bound on the half real line of e~s x K(x), A(x) being given by (4.12).
□
We now shall prove a Voronovskaja-type theorem for S^(f;x). Putting a := |^ + ^^"^^ and using the inequality 0 < e a -1 -a < a 2 e a /2
for a > 0, we see that
|5i(a:)|<|aV + a-Xf3
On the other hand, we can write 
